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RICCI-FLAT KA¨HLER METRICS ON CANONICAL BUNDLES
ROGER BIELAWSKI
Abstract. We prove the existence of a (unique) S1-invariant Ricci-flat Ka¨hler
metric on a neighbourhood of the zero section in the canonical bundle of a real-
analytic Ka¨hler manifold X, extending the metric on X.
In the important paper [3], Calabi proved existence of Ricci-flat Ka¨hler metrics
on two classes of manifolds: a) cotangent bundles of projective spaces; b) canon-
ical bundles of Ka¨hler-Einstein manifolds. The metrics on T ∗CPn are actually
hyperka¨hler and in the intervening years hyperka¨hler metrics were shown to exist
on cotangent bundles of many other Ka¨hler manifolds. Finally, recently, B. Feix [4]
and, independently, D. Kaledin [9] have shown that a real-analytic Ka¨hler metric on
a complex manifold X always extends to a (essentially unique) hyperka¨hler metric
on a neighbourhood of X in T ∗X .
The aim of this paper is to prove the analogous generalization for the other class
of Calabi’s metrics. Our main existence result can be stated as follows:
Theorem 1. Let X be a real-analytic Ka¨hler manifold. Then there exists a unique
Ricci-flat Ka¨hler metric on a neighbourhood of X in the canonical bundle KX of
X which extends the metric on X and for which the standard S1-action on KX is
isometric and Hamiltonian.
The condition of real-analycity of the Ka¨hler metric is clearly necessary, since
the extended metric is Ricci-flat.
We also notice that the adjunction formula shows that the canonical bundle is the
only line bundle over X which can admit a Ricci-flat Ka¨hler metric.
1. Proof of Theorem 1
Let M be an n+ 1 dimensional Ka¨hler manifold with a free Hamiltonian circle
action. Then the metric can be locally written in the form:
G =
∑
gijdzi ⊗ dz¯j + wdt2 + w−1φ2, (1.1)
where t is the moment map on M , φ is the circle-invariant 1-form and the zi are
local coordinates on M/C∗.
The complex structure I maps dt to w−1φ. Pedersen and Poon [11] (and LeBrun
[10] for n = 1) have worked out the conditions for the complex structure to be
integrable and for the metric to be Einstein (in fact, Pedersen and Poon deal with
the more general case of torus symmetry). We recall their theorem.
Theorem 1.1. [Pedersen-Poon] Let w be a smooth positive funtion and [gij ] a
positive definite hermitian matrix of smooth functions on an open set U in Cn×R.
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The metric (1.1) is Ricci-flat if and only if the following system of equations holds
for some constant c:
4uziz¯j + c(gij)t = 0, (1.2)
ut = cw. (1.3)
4wziz¯j + (gij)tt = 0 (1.4)
Here u is defined by
det g = weu. (1.5)
Furthermore, the metric is defined on a circle bundle over U if and only if the
cohomology class [F ] of the curvature of φ which is given by
F = −
(
i
2
(gij)tdzi ∧ dz¯j + iwzidt ∧ dzi − iwz¯jdt ∧ dz¯j
)
(1.6)
belongs to 2piZ. ✷
The constant c has the following significance:
Proposition 1.2. ∆Gt = c.
Proof. For any function f we have
∆Gf = g
ij
(
4
∂2f
∂zi∂z¯j
+ w−1
∂f
∂t
∂gij
∂t
)
+
∂
∂t
(
∂f
∂t
w−1
)
. (1.7)
Thus, for f = t, we obtain
∆Gt = g
ijw−1
∂gij
∂t
+
∂w−1
∂t
= gij
∂w−1gij
∂t
= w−1
∂ ln det g
∂t
+
∂w−1
∂t
.
Now, using (1.5) and (1.3), we have
∆Gt = w
−1 ∂ ln det g
∂t
+
∂w−1
∂t
= w−1
∂ lnw
∂t
+ c+
∂w−1
∂t
= c.
For hyperka¨hler manifolds, the constant c can take only two values:
Proposition 1.3. Let M4n be a hyperka¨hler manifold equipped with an isometric
and Hamiltonian (for one symplectic structure) action of the circle. Then the mo-
ment map t for this action is harmonic if the action is tri-holomorphic and satisfies
∆t = n otherwise.
Proof. If the action is triholomorphic, then the moment map is the real part of
a complex moment map. If the action is not triholomorphic, i.e. it rotates the
complex structures orthogonal to I, then the moment map is a Ka¨hler potential
for another Ka¨hler form (corresponding to the complex structure J) and the result
follows.
We shall seek metrics with c 6= 0. In this case the equation (1.4) is the conse-
quence of the other two equations. Moreover we can eliminate the function w from
the equations and replace (1.3) and (1.5) with
(eu)t = c det g. (1.8)
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Suppose now that we are given a Ka¨hler metric h =
∑
hijdzi⊗dz¯j on a complex
n-dimensional manifold X and we wish to extend h to a Ricci-flat Ka¨hler metric
g in a neighbourhood of X in a line bundle L. Furthermore we require that the
canonical S1-action on L is Hamiltonian. Clearly, a necessary condition for this is
that we can solve the following (singular) Cauchy problem:

uxixj + uyiyj + c(gij)t = 0
(eu)t = c det g
(gij)|t=0 = hij
(eu)|t=0 = 0 .
(1.9)
Here zi = xi +
√−1yi and the last condition is the consequence of the fact that
w−1 ≡ 0 at t = 0 (since the circle acts trivially on X).
Our first result, which is a singular Cauchy-Kovalevskaya theorem, says that we
can indeed solve this system locally, if the initial data hij is real-analytic.
Theorem 1.4. Let hij, i, j = 1, . . . , n, be real-analytic functions on an open sub-
set U of Cn. Then there exits a unique solution of the system (1.9) on an open
neighbourhood of U in U × [0,+∞).
Remark 1.5. Observe that, if the solution does give the metric on a neighbourhood
of X in L, then the initial data hij is real-analytic, since the metric g is Ricci-flat.
Proof. We treat Cn as a real subspace V of C2n. Since hij are real analytic, they
extend to holomorphic functions on a neighbourhood of V . Therefore we can treat
problem (1.9) as purely holomorphic, i.e. xi, yj are complex coordinates. First of
all, it is easy to see that (1.9) has a unique formal solution, i.e. a power series in
t. Thus we only have to show that this series is convergent. Let us write eu = tev.
Then we can rewrite the problem (1.9) as{
tvt = −1 + ce−v det[gij ]
vxixj + vyiyj + c(gij)t = 0
, (1.10)
with the initial conditions (gij)|t=0 = hij , (e
v)|t=0 = c deth. A theorem showing
convergence of a formal solution to this system is proved in the appendix. This
theorem is a slight generalization of a theorem of Ge´rard and Tahara [6]. It is
applied to functions g˜ij = gij − hij and v˜ = v − v0, where v0 = v|t=0 .
Having solved the Cauchy problem (1.9) we ask whether the solution gives us a
smooth metric (1.1) on a neighbourhood of X in some line bundle L. First of all,
we have
Lemma 1.6. Suppose that we have a local solution of the Cauchy problem (1.9)
(with c 6= 0). Then the metric (1.1) extends smoothly to the hypersurface t = 0
(which is the fixed-point set of the circle action) if and only if c = 1.
Proof. Since det g is finite and non-zero at t = 0, equation (1.8) implies that eu =
t(a + bt + . . . ) near t = 0 with a 6= 0. Therefore ut = 1t + O(1) near t = 0. Now
w = c−1ut. This implies immediately that c must be positive. Furthermore, the
fibrewise metric is
wdt2 + w−1φ2 =
(
1
ct
+O(1)
)
dt2 +
(
1
ct
+O(1)
)−1
φ2.
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If we introduce a new coordinate r so that t = r2, we see that this metric extends
smoothly to the origin if and only if c = 1. Now, the formula (1.6) shows that
the connection 1-form φ and hence the metric (1.1) extends to the hypersurface
t = 0.
Thus it remains to show that the curvature form (1.6) belongs to 2piZ. We
observe that the first equation in (1.9) (with c = 1) says that
d
dt
ω = −i∂∂¯u, (1.11)
where ω = ω(t) is the Ka¨hler form of the metric g at time t on X . On the other
hand u = ln
(
w−1 det[gij ]
)
. Since g is Ka¨hler (1.11) can be written as
d
dt
ω = ρ (g) + i∂∂¯ lnw (1.12)
where ρ denotes the Ricci form of a Ka¨hler metric. Now (1.6) shows that the
curvature form of φ is indeed in 2piZ, and in fact represents −c1(X). Thus Theorem
1 is proved.
2. Examples
We wish now to give explicit examples of Ricci-flat Ka¨hler metrics on canonical
bundles. Given a Ka¨hler manifold (X,h, I) we seek a time dependent metric g =
g(t) and a function w on X × I which satisfy the equations (1.12), (1.3) and (1.5).
The last two give us
w−1 =
∫ t
0 det g
det g
. (2.1)
Substituting into (1.12) we obtain
d
dt
ω = −i∂∂¯
∫ t
0
det g (2.2)
The first example deals with manifolds with constant principal Ricci curvatures,
i.e. constant eigenvalues of the Ricci curvature. This class of manifolds includes
both Ka¨hler-Einstein manifolds and homogeneous manifolds. The following result
is a particular case of a theorem of Hwang and Singer [8].
Theorem 2.1. Let X2n be a Ka¨hler manifold with Ka¨hler form Φ such that the
eigenvalues of the Ricci curvature are constant. Then the solution to (2.2) is given
by
ω = Φ+ tρ(Φ). (2.3)
The function w−1 is given by
w−1(t) =
∫ t
0 P (t)dt
P (t)
, (2.4)
where P (t) is defined as P (t) = (Φ + tρ(Φ))
n
/Φn (and so it depends only on the
eigenvalues of the Ricci curvature).
In particular, if all the eigenvalues of the Ricci curvature are nonnegative, then
the resulting Ricci-flat metric on KX is complete.
Proof. It is sufficient to observe that ωn = P (t)Φn, so ρ(ω) = ρ(Φ). Now it is clear
that ω satisfies (2.2).
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We remark that Apostolov, Armstrong and Draghici [1] recently found exam-
ples of irreducible non-homogeneous Ka¨hler manifolds with constant principal Ricci
curvatures.
As an aside, let us give an application to the geometry of Ka¨hler quotients. We
recall that Futaki [5] has shown that if M is a compact Ka¨hler-Einstein manifold
with positive scalar curvature and a Hamiltonian Killing vector field whose length
is constant on the level sets of the moment map, then the Ka¨hler quotient by the
resulting circle action is also Ka¨hler-Einstein. A simple example of C × C2 with
the diagonal circle action on the second factor (and trivial on the first) shows that
Futaki’s result does not hold for Ricci-flat manifolds. Nevertheless we have a weaker
conclusion.
Proposition 2.2. Let M be a complete Ricci-flat Ka¨hler manifold with an isomet-
ric and Hamiltonian circle action such that the length of the Killing vector field is
constant on the level sets of the moment map. Moreover, assume that the moment
map is bounded from below. Then the Ka¨hler quotient of M by S1 has constant
principal Ricci curvatures.
Proof. Let t be the moment map and X = t−1(a)/S1 a particular Ka¨hler quotient
of M . Since a is a regular value of t, the Ka¨hler quotients for nearby level sets are
isomorohic tp X (as a complex manifold). Thus we have a family g(t) of Ka¨hler
metrics on X . The assumption and the equation (1.4) show that g(t) is linear in
t. Since t is bounded from below, Proposition 1.7 implies that the constant c of
Theorem 1.1 is non-zero. Now the equations (1.3) and (1.5) show that det g(t) =
f(t) det g(a) for t near a. Therefore the Ricci form ρ(g) is constant in t and the
equation (1.2) implies that ρ(g) is equal to ωt, where ω is the Ka¨hler form of g.
The conclusion follows now, since we already know that ω(t)n = f(t)ω(a)n.
The next examples involve surfaces of revolution. Let Σ denote either C or CP 1
with a metric of constant curvature. We define a surface Σa as the Ka¨hler quotient
of Σ× C by the action of R defined as
r × (x, z) = (e2piiar · x, z + r).
This is a surface of revolution and the Ricci-flat Ka¨hler metric on KΣa = T
∗Σa
is complete, since it can be obtained as a hyperka¨hler quotient of T ∗Σ × H by R.
Now, the main result of [2] shows that these are all such surfaces of revolution:
Proposition 2.3. Let (X,h) be a surface of revolution such that the Ricci-flat
Ka¨hler metric defined in Theorem 1 is complete. Then (X,h) is isometric to one
of the surfaces Σa defined above.
Appendix A. A Cauchy-Kovalevskaya theorem for a class of singular
PDE’s
In this section we shall prove a result about convergence of formal solutions to
certain singular partial differential equations. This is a generalization of a theorem
of Ge´rard and Tahara [6] to a class of singular systems of PDE’s and it uses their
method of proof. The result of Ge´rard and Tahara applies to first order nonlinear
PDE’s of the form:
g
(
t, x, v, t
∂v
∂t
,
∂v
∂x1
, . . . ,
∂v
∂xn
)
= 0
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where g is a holomorphic function in some polydisc. As observed in [6], the con-
vergence of formal solutions is no longer true if we allow g to depend on second
derivatives of v. We shall now show that the theorem remains valid for systems of
PDE’s of the following form:{
g
(
t, x, v, t∂v
∂t
, ∂v
∂x1
, . . . , ∂v
∂xn
, w1, . . . , wN
)
= 0
∂wi
∂t
= Li(x)(v) + ai(t, x), i = 1, . . . , N
(A.1)
where Li(x) are linear differential operators of order at most 2. We remark that
one can allow the dependence of Li on t, but this further complicates the already
complicated notation.
To guarantee the existence of formal solutions we shall assume that the first
equation can be written as:(
t
∂
∂t
− ρ(x)
)
v = tb(x) +G(x)
(
t, v, t
∂v
∂t
,
∂v
∂x1
, . . . ,
∂v
∂xn
, w1, . . . , wN
)
where ρ(x) and b(x) are holomorphic functions defined in a polydisc D centered at
the origin of Cn, and
G(x)(t, Z, V,Xi, Yj)i≤n,j≤N =
∑
p+r+s+|α|+2|β|≥2
ap,r,s,α,β(x)t
pZqV sXα11 . . . X
αn
n Y
β1
1 . . . Y
βN
N .
The coefficients ap,q,s,α,β(x) are holomorphic in D and
|ap,r,s,α,β(x)| ≤ Ap,q,s,α,β .
Moreover the power series ∑
Ap,q,s,α,βt
pZqUsXαY β
is convergent near the origin.
We seek a holomorphic solution (v, wi) to the above system satisfying
v(0, x) = wi(0, x) ≡ 0, i = 1, . . . , N.
A formal solution is a power series solution of the form∑
m≥1
vm(x)t
m
whose coefficients are holomorphic in D.
The particular form of the system (A.1) allows us to rewrite it as a single
differential-integral equation:(
t
∂
∂t
− ρ(x)
)
v = tb(x) +G(x)
(
t, v, t
∂v
∂t
,
∂v
∂x1
, . . . ,
∂v
∂xn
,
∫ t
0
L1(v), . . . ,
∫ t
0
LN(v)
)
.
(A.2)
Here we regrouped the terms in the power expansion of G, so that G does not
depend on
∫ t
0 ai(, t, x).
Theorem A.1. Each formal solution of (A.2) is convergent. If ρ(0) 6∈ N∗, then
there exists a unique formal solution satisfying v(0, x) ≡ 0.
Proof. If ρ(0) 6∈ N∗, then (A.2) has a unique formal solution of the form∑
m≥1
vm(x)t
m. (A.3)
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Moreover, vm(x) is determined recursively by the following formula:
v1(x) =
b(x)
1− ρ(x) ,
and for m ≥ 2
vm(x) =
1
m− ρ(x)fm
(
v1, 2v2, . . . , (m−1)vm−1, v1, . . . , vm−1, ∂1v1, . . . , ∂nv1, . . . ,
∂1vm−1, . . . , ∂nvm−1,
1
2
L1(v1), . . . ,
1
2
LN(v1),
1
m
L1(vm−1), . . . ,
1
m
LN(vm−1);
{ap,q,s,α,β}p+q+s+|α|+|β|≤m
)
. (A.4)
We shall show that this solution is convergent. Let Da denote the polydisc of
diameter 2a. By taking R sufficiently small (in particular, R < 1), we can assume
that all the vm(x) are holomorphic in DR and we have;
|v1(x)| ≤ A, |∂iv1(x)| ≤ A, i = 1, . . . , n |Lj(v1)(x)| ≤ A, j = 1, . . . , N ;
|m− ρ(x)| ≥ σm, m = 1, 2, 3, . . . .
Moreover, let M be a constant such that the coefficients of
Li =
∑
cikl(x)
∂2
∂xk∂xl
+
∑
dik(x)
∂
∂xk
+ e(x)
satisfy ∑∣∣cikl(x)∣∣+∑∣∣dik(x)∣∣ + |e(x)| ≤M.
Now we consider the analytic equation:
σY = σAt +
1
(R− r)2
∑
p+q+s+|α|+2|β|≥2
Ap,q,s,α,β
(R− r)p+q+s+|α|+2|β|−2 t
pY q+s(2eY )
(∑
αi
)
(4e2MY t)
(∑
βi
)
.
Here e is the smallest real number such that epi
√−1 = −1.
By the implicit function theorem, this equation has a unique analytic solution
of the form
Y =
∑
m≥1
Ym(r)t
m,
determined by the following recursive formula
Y1 = A
and, for m ≥ 2,
σYm =
1
(R− r)2Fm
(
Y1, . . . , Ym−1, 2eY1, . . . , 2eYm−1, 4e2MY1, . . . , 4e2MYm−1;
{
Ap,q,s,α,β
(R − r)p+q+s+|α|+2|β|−2
}
p+q+s+|α|+|β|≤m
)
. (A.5)
Moreover, by induction on m, we see that Ym(r) is expressed in the form
Ym(r) =
Cm
(R− r)2m−2 , m = 1, 2, . . . , (A.6)
with constants C1 = A and Cm ≥ 0 (for m ≥ 2).
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We shall show that the power series for Y is a majorant power series for the
formal solution (A.3). To do so, it is sufficient to prove the following inequalities
for all m:
|vm(x)| ≤ m|vm(x)| ≤ Ym(r) on Dr for 0 < r < R; (A.7)
|∂ivm(x)| ≤ 2eYm(r) on Dr for 0 < r < R, i = 1, . . . , n; (A.8)
|Lk (vm) (x)| ≤ 4e2(m+ 1)MYm(r) on Dr for 0 < r < R, k = 1, . . . , N.
(A.9)
The case m = 1 is clear from the definition of A. We proceed by induction. We
replace all the terms in (A.4) by their absolute values. Then we use the inductive
assumption and also replace |ap,q,s,α,β | by Ap,q,s,α,β(R−r)p+q+s+|α|+2|β|−2 (this is a majorant,
as R < 1). This has also the effect of replacing fm by Fm, and, from (A.5), it gives:
|vm(x)| ≤ 1
m
(R − r)2Ym(r) (A.10)
which proves (A.7) (cf. [6], p. 985). Since Ym(r) has the form (A.6), the above
inequality can be written as:
|vm(r)| ≤ 1
m
Cm
(R− r)2m−4 .
Now the following lemma proves (A.8) and (A.9).
Lemma A.2. If a function v(x) holomorphic in DR satisfies
|v(x)| ≤ C
(R− r)p on Dr for 0 < r < R,
then
|∂iv(x)| ≤ Ce(p+ 1)
(R− r)p+1 on Dr for 0 < r < R, i = 1, . . . , n.
For the proof see [7], Lemma 5.1.3.
We now assume that ρ(0) = k ∈ N∗. We can modify {Ap,q,s,α,β}p+q+s+|α|+|β|≤k
so that vk(x) satisfies (A.7)-(A.9) and then apply the previous proof.
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